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Abstract
Multicomponent systems operating in dynamic environments are affected by cumulative
environmental shocks and dependent component lifetimes, which may lead to inaccurate
reliability evaluation and inefficient reliability allocation if ignored. To address this issue, this
paper develops a non-homogeneous pure birth process (NHPBP)-driven stochastic time-scale
model for multicomponent systems. The environmental shock-counting process is modeled by
an NHPBP, while the stochastic time scale is constructed as a path-dependent cumulative
exposure functional driven by the whole shock history. Based on the Laplace transform of the
stochastic time scale, component survival functions, joint survival functions, and reliability
expressions for typical system structures are derived. Positive quadrant dependence among
component lifetimes is also established. Furthermore, a cost-oriented reliability allocation
model is formulated under a system-level reliability constraint and solved using a genetic
algorithm. Numerical experiments on an automotive braking system show that the conventional
non-homogeneous Poisson process (NHPP)-based model may overestimate system reliability
under cumulative shock amplification, whereas the proposed NHPBP-based allocation model
provides feasible allocation schemes under dynamic environments.
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1. Introduction

In modern engineering, multicomponent systems are widely
used in complex applications such as automobile assembly
lines, aerospace equipment, and power grids. Their reliability
depends not only on individual component quality, but also
on inter-component collaboration and adaptability to com-
plex operating environments [1]. In practice, such systems are
often exposed to time-varying operating conditions and shock
disturbances [2], which may accelerate component degrada-
tion and introduce additional uncertainty into the failure pro-
cess. For example, aero-engine components operate under
extreme thermal and mechanical stresses, and their perfor-
mance states may evolve dynamically under coupled operat-
ing conditions [3]. Similar dynamic effects are observed in
load-sharing systems, where component failures redistribute
operational burdens to surviving components. Jia et al [4] pro-
posed an extended Markov process method for dynamic load-
sharing systems. However, many existing load-sharing models
do not explicitly incorporate cumulative shock amplification
caused by dependent environmental increments. Therefore,
dynamic operating conditions and cumulative environmental
shocks should be considered in multicomponent system relia-
bility evaluation.

Meanwhile, components in multicomponent systems are
usually not independent, because shared dynamic environ-
ments and coupled operating mechanisms may induce depen-
dent component lifetimes [5]. The degradation or failure of
one component often indicates that the system has experi-
enced more severe environmental shocks, which may also
affect other components [6]. In addition, component fail-
ure may change load distribution, energy transmission paths,
and operating states, thereby influencing the degradation of
other components. Ignoring such dependence may impair reli-
ability evaluation accuracy [7]. Existing studies have con-
sidered failure-rate interactions and condition-based mainte-
nance decisions for multicomponent systems under imper-
fect information [8, 9]. For example, front and rear brake
pads are exposed to common driving patterns, road conditions,
and braking intensity, which may result in statistically depen-
dent wear trajectories and correlated lifetimes [10]. Therefore,
component dependence under shared dynamic environments
should be explicitly considered in reliability modeling and
allocation.

Recent studies on maintenance and risk-control decisions
further show that degradation uncertainty, condition moni-
toring information, mission termination or abort decisions,
and technological renewal effects can significantly influence
system-level reliability management [11–13]. These studies
provide useful decision-making perspectives for dynamic reli-
ability management, but they do not directly address reliabil-
ity allocation under dependent component lifetimes induced
by a common stochastic time scale. This motivates the devel-
opment of a reliability allocation framework that explicitly
connects dynamic environmental shocks, component lifetime
dependence, and system-level reliability constraints.

Traditional reliability models often assume a time-invariant
operating environment or independent component failures,

which is inadequate for systems operating under cumulative
and stochastic environmental shocks. Although multivariate
lifetime models and Copula methods [14, 15] provide use-
ful tools for describing statistical dependence, they may suffer
from limited physical interpretability and insufficient flexibil-
ity in representing dynamic aging mechanisms [16]. Based on
the classical cumulative exposure model [17], Hong et al [10]
introduced a stochastic time-scale model, in which the calen-
dar time t is transformed into an equivalent operating timeH(t)
to reflect cumulative environmental exposure. Conditional on
the stochastic time scale H(t), the survival function of the ith
component is expressed as

P{Ti > t | H(t)}= exp [−ηiH(t)] , (1)

where ηi(ηi > 0) denotes the baseline failure rate of the
ith component. In this formulation, the unconditional sur-
vival function is obtained by P(Ti > t) = E{exp[−ηiH(t)]}.
When H(t) is deterministic, common lifetime distributions
can be obtained by specifying different time-scale func-
tions; for example, H(t) = tα leads to the Weibull distribution
[18], H(t) = 1− exp(−βt) leads to an exponential time-scale
transformation [19], and H(t) = log(1+ t/β) leads to the
Lomax distribution. When the system operates in a dynam-
ically changing environment, H(t) should be modeled as a
stochastic process. Existing studies have used monotone pro-
cesses such as compound Poisson processes, Gamma pro-
cesses, and inverse Gaussian processes [10], exponential dis-
persion processes [20], and Markov chains [21] to charac-
terize stochastic environmental effects. However, these mod-
els mainly rely on independent-increment or externally speci-
fied environmental processes, which may be insufficient when
historical shocks increase both future shock occurrence rate
and component aging exposure. To address this issue, Liu
and Wang [16] modeled H(t) using the generalized Pólya
process (GPP), a dependent-increment process. In this paper,
the environmental shock process N(t) is modeled by an non-
homogeneous pure birth process (NHPBP), while the stochas-
tic time scale H(t) is constructed as a path-dependent cumu-
lative exposure functional driven by the whole shock history,
i.e. H(t) =

´ t
0 bN(s) dΛ(s).

Copula-based and multivariate lifetime models provide sta-
tistical descriptions of component dependence. The depen-
dence structure is usually specified at the distribution level,
and the physical evolution of environmental shocks is notmod-
eled directly. non-homogeneous Poisson process (NHPP)-
based models can represent time-varying shock arrivals. Their
shock intensity is governed by calendar time, and accumu-
lated shocks do not change the occurrence tendency of future
shocks. GPP-based stochastic time-scale models introduce
reinforcement into environmental exposure. The separation
between the shock-counting mechanism and the aging expo-
sure mechanism is still less explicit for reliability allocation
under dependent component lifetimes.

The NHPBP-driven formulation used in this paper is
motivated by two physical mechanisms in dynamic environ-
ments. The first mechanism is state-dependent shock ampli-
fication. After more shocks have accumulated, the operating
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Table 1. Comparison of representative modeling approaches.

Approach Shock modeling Aging exposure

NHPP Time-dependent External or deterministic
Gamma
process

Independent increments Monotone degradation

GPP Reinforced process Stochastic time scale
Copula Not process-based Not explicitly modeled
Proposed
model

State-dependent NHPBP Path-dependent H(t)

environment may become more unstable, and future shocks
may occur more frequently. The second mechanism is path-
dependent cumulative aging. Two shock histories with the
same final shock count may generate different aging expo-
sure when the shocks occur at different times. In the proposed
framework, the environmental shock-counting process N(t) is
modeled by an NHPBP, and the cumulative aging exposure is
represented through a stochastic time scale that accumulates
environmental effects over the shock history. This formulation
separates shock occurrence from aging exposure and provides
a process-based description of dependent component lifetimes
under cumulative environmental shocks.

To further clarify the modeling position of the proposed
framework, representative stochastic time-scale and depen-
dence modeling approaches are compared in table 1.

As shown in table 1, each approach has its own model-
ing scope. NHPP-based models describe time-varying shock
arrivals, with no state amplification. Gamma-process-based
models are suitable for monotone degradation modeling, with
limited description of shock states. GPP-based models capture
reinforcement effects through a stochastic time scale, with a
less explicit separation between shock occurrence and aging
exposure. Copula-based methods describe statistical depen-
dence, with no direct process-based representation of shock
accumulation. The proposed model explicitly distinguishes
N(t) fromH(t), making it possible to describe state-dependent
shock occurrence and path-dependent aging exposure within
the same reliability allocation framework.

Reliability allocation is a critical step in system reliability
design, aiming to decompose system-level reliability require-
ments into component-level reliability targets while balancing
reliability improvement and economic cost. Traditional allo-
cation methods often assume mutually independent compo-
nent failures [22]. However, in dynamic environments, compo-
nent lifetimes may be dependent due to shared environmental
exposure, performance coupling, and cumulative shock effects
[2]. Several studies have investigated reliability analysis and
allocation under dependence, parameter correlations, or com-
plex engineering constraints [23, 24]. In addition, maintenance
and quality-inspection decisions have also been integrated in
reliability-oriented optimization for manufacturing networks
[25]. Nevertheless, these methods are not directly integrated
with a stochastic time scale that reflects cumulative environ-
mental shocks and path-dependent aging exposure. Therefore,
this paper formulates a reliability allocation model based on
the proposed NHPBP-driven stochastic time scale. Since the

resulting optimization problem is nonlinear and constrained,
GA-based methods are adopted to obtain component-level
reliability allocation schemes under system-level reliability
constraints [24, 26].

The main contributions of this paper are summarized as
follows:

1. An NHPBP-driven stochastic time-scale model is devel-
oped to describe state-dependent shock amplification and
path-dependent cumulative aging.

2. A reliability analysis method is established for multicom-
ponent systemswith dependent component lifetimes under
the common stochastic time scale.

3. A cost-oriented reliability allocation model is formu-
lated under dependent component lifetimes and cumula-
tive shock amplification.

The rest of this article is organized as follows.
Section 2 introduces the proposed NHPBP-driven stochastic
time-scale model. Section 3 analyzes component dependence.
Section 4 derives system reliability expressions. Section 5 for-
mulates the reliability allocation model and GA-based solu-
tion procedure. Section 6 presents numerical results. Finally,
section 7 concludes this article.

2. Non-homogeneous pure birth process

The NHPBP is a counting process proposed in [27], and it
has been widely used in maintenance modeling and reliability
analysis. Traditional shock-basedmaintenance models usually
describe system failures through external shock arrivals. Esary
and Marshall [28] assumed that shock arrivals follow a homo-
geneous Poisson process, while A-Hameed and Proschan [29]
considered an NHPP. However, the NHPP only depends on
the system age and cannot describe the cumulative influence
of historical shocks on future shock occurrences. To incor-
porate such state dependence, A-Hameed and Proschan [30]
proposed a pure birth shock model based on a nonstationary
Markov process, in which, given that k shocks have occurred
in [0, t], the probability of one shock occurring in (t, t+∆]
is λkλ(t)∆+ o(∆). Based on [30], Sheu et al [27] proposed
an NHPBP repair model and studied the corresponding age
replacement strategy. Sheu et al [31] further investigated a
block replacement strategy, while Chien [32] derived the opti-
mal preventive maintenance policy for NHPBP repairable sys-
tems with a free-repair warranty. Sheu et al [33] studied the
minimum replacement policy to minimize the expected main-
tenance cost rate, and Chien et al [34] extended the model
to periodic preventive maintenance and derived the optimal
(N∗,T∗). Beyond maintenance optimization, NHPBP has also
been applied in reliability research. Shaked et al [35] charac-
terized I∞-spherical density using NHPBP epoch times and
provided its properties. Existing studies mainly apply NHPBP
to single-system maintenance and replacement optimization,
whereas its application to multicomponent system reliabil-
ity remains limited. Therefore, this paper introduces NHPBP
into multicomponent reliability analysis to describe cumula-
tive environmental shocks and the induced dependence among
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component lifetimes. Next, the definition of the NHPBP is
presented.

Definition 1: If a counting process {N(t), t⩾ 0} is a non-
homogeneous continuous time Markov process with the fol-
lowing conditions:

1. N (0) = 0
2. P {N(t+ h)−N(t) = 1 | N(t) = k}= λk(t)h+ o(h)
3. P {N(t+ h)−N(t)⩾ 2 | N(t) = k}= o(h)

Then the process is called an NHPBP with the state-
dependent intensity function {λk(t),k= 0,1,2, · · ·}.

From Definition 1, if λk(t) = λ(t) for all k⩽ 0, the NHPBP
reduces to an NHPP. Therefore, compared with the NHPP, the
main feature of the NHPBP is that the shock occurrence inten-
sity depends not only on calendar time, but also on the cur-
rent shock state. This property enables the process to describe
the cumulative influence of historical shocks on future shock
occurrences.

In this paper, the NHPBP is used to model the environmen-
tal shock-counting process N(t). To characterize the cumula-
tive amplification effect of historical shocks while avoiding
explosive growth of the birth rates, the state-dependent inten-
sity is specified as

λk (t) = akλ(t) , (2)

where

ak = 1+ωk. (3)

Here, λ(t) denotes the baseline shock intensity, and ak is
the state-dependent amplification factor. The parameter ω ⩾ 0
measures the effect of accumulated shocks on future shock
occurrence rate. When ω = 0, ak = 1, and the model reduces
to an NHPP; when ω > 0, historical shocks increase the sub-
sequent shock intensity.

From an engineering perspective, ω reflects the sensitivity
of future shock occurrence to the accumulated shock history.
A larger ω means that, after more shocks have occurred, the
system is more likely to experience subsequent shocks. For
example, repeated severe braking, vibration disturbances, or
thermal-mechanical load cycles may make the operating envi-
ronment more unstable and increase the occurrence tendency
of future shock events.

The baseline intensity λ(t) describes the time-varying ten-
dency of environmental shocks before state-dependent ampli-
fication is applied. In this paper, it is assumed to follow a
Weibull-type intensity function:

λ(t) =
β

θ

( t
θ

)β−1
, (4)

with cumulative baseline intensity

Λ(t) =
ˆ t

0
λ(x) dx=

( t
θ

)β
. (5)

The parameter β > 0 controls the time-varying trend of
the baseline shock intensity, and θ > 0 is the scale parameter.

Thus, λ(t) captures the calendar-time effect, while ak captures
the shock-history effect.

Let

pk (t) = P{N(t) = k} , k= 0,1,2, · · · . (6)

For theNHPBP defined above, the state probabilities satisfy
the following Kolmogorov forward equations

dp0 (t)
dt

=−a0λ(t)p0 (t) , (7)

dpk (t)
dt

= ak−1λ(t)pk−1 (t)− akλ(t)pk (t) , (8)

with the initial conditions

p0 (0) = 1, pk (0) = 0. (9)

These equations describe the probability flow from state
k− 1 to state k(k⩾ 1). In particular, since a0 = 1, the prob-
ability of no shock occurring in [0, t] is

p0 (t) = exp [−Λ(t)] . (10)

The recursive solution of pk(t) and the non-explosiveness
of the linear amplification form are provided in appendix A.

The counting process N(t) describes the stochastic evolu-
tion of environmental shocks. Based on this process, the next
section constructs a path-dependent stochastic time scale and
analyzes the dependence induced among component lifetimes.

3. Component lifetime model and dependence

In this section, the NHPBP shock-counting process N(t)
defined in section 2 is used to construct a stochastic time
scale for component lifetime modeling. Since all components
operate under the same dynamic environment, they share the
same shock history. The resulting common stochastic expo-
sure induces dependence among component lifetimes in the
unconditional sense.

The stochastic time scale is defined as a cumulative expo-
sure functional driven by the whole path of N(t):

H(t) =
ˆ t

0
bN(s) dΛ(s) , (11)

where

bk = 1+ γk. (12)

bk is the aging-rate amplification factor when k shocks have
occurred, and γ ⩾ 0 measures the influence of accumulated
shocks on the component aging rate. When γ = 0, the accu-
mulated shocks do not further amplify the aging exposure and
H(t) reduces to Λ(t). When γ > 0, a higher shock state leads
to a larger aging-rate amplification factor. In engineering sys-
tems, this may correspond to accelerated wear, fatigue accu-
mulation, or thermal damage caused by repeated shocks.
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If the shock epochs in [0, t] are 0< τ1 < · · ·< τn ⩽ t, with
τ0 = 0 and τn+1 = t, then

H(t) =
n∑

j=0

(1+ γj) [Λ(τj+1)−Λ(τj)] . (13)

Therefore, H(t) depends not only on the final shock count
N(t), but also on the occurrence times of shocks. This defini-
tion preserves both the elapsed calendar time and the accumu-
lated shock history.

Conditional on H(t), the lifetime of the ith component is
assumed to satisfy

P{Ti > t | H(t)}= exp [−ηiH(t)] , (14)

where Ti is the lifetime of component i, and ηi > 0 is its base-
line failure rate. This assumption is equivalent to specifying
the cumulative hazard of component i as ηiH(t) under the real-
ized environmental exposure.

In addition, conditional on the common stochastic time
scale, the residual failure mechanisms of different compo-
nents are assumed to be independent. Therefore, the depen-
dence among component lifetimes is induced by the shared
random environment, rather than by conditional residual fail-
ure interactions.

Proposition 1: For the NHPBP-driven stochastic time scale
defined in equation (11), the survival function of component
i is

Si (t) = P{Ti > t}= LH (ηi; t) , (15)

where

LH (q; t) = E{exp [−qH(t)]}(q⩾ 0) , (16)

is the Laplace transform of the stochastic time scale H(t).

Proof: Taking expectation with respect to H(t), we obtain

Si (t) = E{P{Ti > t | H(t)}}= E{exp [−ηiH(t)]}
= LH (ηi; t) . (17)

This completes the proof.
To evaluate LH(q; t), define the weighted state probability

mk (t;q) = E
[
exp [−qH(t)]1{N(t)=k}

]
. (18)

Then

LH (q; t) =
∞∑
k=0

mk (t;q) . (19)

For the NHPBP with λk(t) = akλ(t) and the stochastic time
scale in equation (11), the weighted state probabilities satisfy

dm0 (t;q)
dt

=−(a0 + qb0)λ(t)m0 (t;q) , (20)

dmk (t;q)
dt

= ak−1λ(t)mk−1 (t;q)− (ak+ qbk)λ(t)mk (t;q) ,

(21)

with initial conditions m0(0;q) = 1,mk(0;q) = 0(k⩾ 1).
The derivation of the weighted state equations is provided

in appendix B.
After the time transformation u= Λ(t), denote the

weighted state vector by

m(u;q) = (m0 (u;q) ,m1 (u;q) ,m2 (u;q) , . . .)
T
,

with

e0 = (1,0,0, . . .)T , 1= (1,1,1, . . .)T .

Then the weighted state equations can be written as

dm(u;q)
du

= B(q)m(u;q) , (22)

where B(q) is a lower bidiagonal matrix with nonzero ele-
ments

B(q)k,k =−(ak+ qbk) ,k= 0,1,2, · · · , (23)

B(q)k,k−1 = ak−1,k⩾ 1. (24)

Here, ak = 1+ωk and bk = 1+ γk. Hence,

LH (q; t) = 1T exp [B(q)Λ(t)]e0. (25)

In numerical implementation, the infinite-dimensional
matrix B(q) is truncated to a finite dimension. The truncation
level is selected according to the retained probability mass of
the shock-counting process under q= 0. A sufficiently large
truncation dimension is used so that the omitted tail probability
is negligible over the specified mission interval. This criterion
ensures that the matrix-exponential approximation preserves
the main probability mass of the NHPBP state distribution.

Proposition 2: For two different components s and m, their
joint survival function at a common mission time t is

Ss,m (t, t) = P{Ts > t,Tm > t}= LH (ηs+ ηm; t) . (26)

Proof: By the conditional independence assumption,

P{Ts > t,Tm > t | H(t)}= P{Ts > t | H(t)}P{Tm > t | H(t)}
= exp [−ηsH(t)]exp [−ηmH(t)]

= exp [−(ηs+ ηm)H(t)] .

Taking expectation with respect to H(t), we have

Ss,m (t, t) = E{exp [−(ηs+ ηm)H(t)]}= LH (ηs+ ηm; t) .

This completes the proof.
The joint survival function for unequal mission times is

given in appendix C.

Proposition 3: Under the common stochastic time scale, the
lifetimes of components s andm are positively quadrant depen-
dent, i.e.

P{Ts > ts,Tm > tm}⩾ P{Ts > ts}P{Tm > tm} , (27)

for any ts, tm ⩾ 0.
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Proof: See appendix C.
Proposition 3 shows that the shared stochastic time scale

induces positive dependence among component lifetimes.
Therefore, ignoring such dependence may lead to biased sys-
tem reliability evaluation and suboptimal reliability allocation.
Based on the above component reliability and dependence
results, the next section derives the reliability functions of typ-
ical multicomponent systems.

4. Reliability analysis

Based on the component lifetime model in section 3, this
section derives the reliability expressions of typical multi-
component systems under the NHPBP-driven stochastic time
scale. All components share the same stochastic time scale
H(t), which is generated by the common shock history N(t).
Conditional on H(t), the residual failure mechanisms of dif-
ferent components are treated as independent. After aver-
aging over H(t), component lifetimes become dependent in
the unconditional sense. This dependence enters the reli-
ability expressions of series, parallel, series-parallel, and
parallel-series systems through the joint survival probabilities
expressed by LH(q; t). System reliability is evaluated through
the common exposureH(t), rather than by directly multiplying
marginal component reliabilities.

Consider a system consisting of K components with life-
times T1,T2, · · · ,TK. Let

Xi (t) = 1{Ti>t},

whereXi(t) = 1 indicates that component iworks at time t, and
Xi(t) = 0 otherwise.

Denote the component state vector by

X(t) = (X1 (t) ,X2 (t) , · · · ,XK (t)) .

Let ϕ(x) be the structure function of the system:

ϕ(x) =

{
1, if the system works under state x,
0, otherwise.

(28)

Then the system reliability at mission time t is

R(t;η) = E [ϕ(X(t))] = P{ϕ(X(t)) = 1} , (29)

where η = (η1,η2, · · · ,ηK)T is the vector of component base-
line failure rates.

For any subset A⊆ {1,2, · · · ,K}, define

ηA =
∑
i∈A

ηi, (30)

with the convention η∅ = 0. For any nonempty subset A, the
joint survival probability of the components in A is

P

(⋂
i∈A

{Ti > t}

)
= E{exp [−ηAH(t)]}= LH (ηA; t) . (31)

Equation (31) is the basic building block for evaluating sys-
tem reliability under the common stochastic time scale.

For a general coherent system, let

W (x) = {i : xi = 1} , F (x) = {i : xi = 0} .

By expanding the conditional state probability with respect
to the common H(t), we have

P{X(t) = x}= E

 ∏
i∈W(x)

e−ηiH(t)
∏

i∈F(x)

(
1− e−ηiH(t)

)
=

∑
B⊆F(x)

(−1)|B|LH
(
ηW(x)∪B; t

)
. (32)

Substituting equation (32) into equation (29) gives a unified
reliability expression. For common system structures, more
compact forms are obtained below.

4.1. Series system

For a series system withK components, the system works only
when all components work, and its lifetime is

Ts =min{T1,T2, · · · ,TK} .

Therefore,

Rs (t;η) = P

(
K⋂
i=1

{Ti > t}

)
= LH

(
K∑
i=1

ηi; t

)
. (33)

Thus, the series system reliability is evaluated at the aggre-
gate baseline failure rate of all components.

4.2. Parallel system

For a parallel system with K components, the system works if
at least one component works, and its lifetime is

Tp =max{T1,T2, · · · ,TK} .

Let

K = {1,2, · · · ,K} .

Using the inclusion-exclusion principle, the reliability of
the parallel system is

Rp (t;η) = P

(⋃
i∈K

{Ti > t}

)

=
∑

∅≠A⊆K

(−1)|A|+1P

(⋂
i∈A

{Ti > t}

)
=

∑
∅≠A⊆K

(−1)|A|+1LH (ηA; t) . (34)

6
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For the special case of two parallel components,
equation (34) reduces to

Rp (t) = LH (η1; t)+ LH (η2; t)−LH (η1 + η2; t) . (35)

This expression differs from the independent-failure for-
mula, because the joint survival term is evaluated through the
common stochastic time scale.

4.3. Series-parallel system

Consider a series-parallel system consisting of P subsystems
connected in series. The rth subsystem contains nr compo-
nents connected in parallel, where r= 1,2, · · · ,P. Let Trj and
ηrj denote the lifetime and baseline failure rate of the jth com-
ponent in the rth subsystem, respectively. Define

Cr = {(r,1) ,(r,2) , · · · ,(r,nr)} .

For any subset Ar ⊆ Cr, define

ηAr =
∑

(r,j)∈Ar

ηrj.

The rth parallel subsystem works if at least one of its com-
ponents works. Since the subsystems are connected in series,
the whole system works only when every subsystem works.
Conditional on H(t), the probability that the rth parallel sub-
system works is

1−
nr∏
j=1

(
1− e−ηrjH(t)

)
.

Thus, the reliability of the series-parallel system is

Rsp (t;η) = E


P∏
r=1

1− nr∏
j=1

(
1− e−ηrjH(t)

)
=

∑
∅≠Ar⊆Cr
r=1,··· ,P

(−1)
∑P

r=1 |Ar|+PLH

(
P∑
r=1

ηAr ; t

)
. (36)

Equation (36) expresses the reliability of a series-parallel
system as a finite sum of Laplace transforms with different
aggregate baseline failure rates.

4.4. Parallel-series system

Consider a parallel-series system consisting of M subsys-
tems connected in parallel. The rth subsystem contains nr
components connected in series, where r= 1,2, · · · ,M. Let
Trj and ηrj denote the lifetime and baseline failure rate of
the jth component in the rth subsystem, respectively. The
rth series subsystem works only when all its components
work.

Therefore, its reliability is

Rr (t) = P

 nr⋂
j=1

{Trj > t}

= LH

 nr∑
j=1

ηrj; t

 . (37)

The whole system works if at least one series subsystem
works. Because different subsystems share the same stochastic
time scale, the subsystem events are not independent in the
unconditional sense.

Let M= {1,2, · · · ,M}, for any nonempty subset D ⊆M,
define

ηpsD =
∑
r∈D

nr∑
j=1

ηrj. (38)

Using the inclusion-exclusion principle, the reliability of
the parallel-series system is

Rps (t;η) = P

 M⋃
r=1

nr⋂
j=1

{Trj > t}


=

∑
∅≠D⊆M

(−1)|D|+1LH
(
ηpsD ; t

)
. (39)

Equations (33), (34), (36), and (39) provide reliability
expressions for four representative system structures under the
NHPBP-driven stochastic time scale. In each case, dependence
among component lifetimes is incorporated through the com-
mon random stochastic time scale H(t). The resulting system
reliabilityR(t;η)will be used as the reliability constraint in the
allocation optimization model developed in the next section.

5. Reliability allocation under NHPBP

Based on the reliability expressions derived in section 4,
this section formulates a reliability allocation model under
the NHPBP-driven stochastic time scale. The decision vari-
ables are the component baseline failure-rate vector η =
(η1,η2, · · · ,ηK)T. Since component lifetimes are dependent
through the common random exposure H(t), the reliability
constraint is evaluated using the system reliability function
R(t;η) derived under the proposed dependence framework.

5.1. Problem formulation

Consider a system consisting of K components. The objec-
tive is to determine the component baseline failure rates
η1,η2, · · · ,ηK, such that the total system cost is minimized
while the system reliability at mission time t satisfies a pre-
scribed target R0. Equivalently, determining ηi specifies the
reliability level assigned to component i under the stochastic
time scale.

For component i, a smaller ηi corresponds to a lower
baseline failure rate and a higher intrinsic reliability.
Improving component reliability usually requires stricter

7
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design requirements, better materials, higher manufacturing
precision, or more intensive inspection, which leads to higher
cost. To describe this cost-reliability tradeoff in the numerical
allocation model, the cost of component i is specified as

ci (ηi) = αi exp(−βiηi) , (40)

where αi > 0 is the cost scale parameter and βi > 0 controls
the cost sensitivity to the baseline failure rate. This empir-
ical cost function provides a monotone decreasing relation-
ship between ηi and ci(ηi). It is used for illustrating the pro-
posed reliability allocation framework, rather than represent-
ing a cost model fitted from a specific braking-system dataset.
In practical engineering applications, the cost function can be
obtained from historical procurement costs, design improve-
ment records, manufacturing data, inspection costs, or expert
elicitation.

The total system cost is

C(η) =
K∑
i=1

ci (ηi) . (41)

Let R(t;η) denote the system reliability at mission time t.
For a given system structure, R(t;η) is evaluated using the cor-
responding expression in section 4, with LH(q; t) computed by
the matrix exponential representation in equation (25).

Thus, the dependence among component lifetimes induced
by the common stochastic time scale is explicitly incorporated
into the allocation model.

The reliability allocation problem is formulated as

min
η

C(η) =
K∑
i=1

αi exp(−βiηi)

s.t. R(t;η)⩾ R0,

ηi,min ⩽ ηi ⩽ ηi,max,

(42)

where R0 is the required system reliability level, and ηi,min and
ηi,max denote the feasible lower and upper bounds of the base-
line failure rate of component i(i = 1,2, · · · ,K), respectively.

In equation (42), t denotes the mission time measured from
the initial operating time 0 to the end of the specified mission
period. Therefore, the constraint R(t;η)⩾ R0 requires that the
system reliability at the end of the mission interval [0, t] should
not be lower than the prescribed target reliability.

5.2. Problem solution

The optimization problem in equation (42) is nonlinear and
constrained. The system reliability R(t;η) involves the matrix-
exponential evaluation of LH(q; t). For redundant structures, it
also involves finite summations over component subsets. An
explicit analytical gradient is generally unavailable. A genetic
algorithm is adopted as a derivative-free solution method.

In the genetic algorithm, each chromosome represents a
candidate baseline failure-rate vector η. For each chromo-
some, the system reliability R(t;η) is evaluated according to
the corresponding system structure, and the total cost C(η)

is computed by equation (41). The reliability constraint is
handled as a nonlinear constraint in the GA implementation.
Specifically, for each chromosome η, the objective value is
given by the total cost C(η), while the constraint violation is
evaluated by

g(η) = R0 −R(t;η) .

A candidate solution is feasible if g(η)⩽ 0, namely
R(t;η)⩾ R0. Therefore, the GA searches for the feasible chro-
mosome with the minimum total cost.

The overall GA-based reliability allocation procedure is
illustrated in figure 1, and its main steps are summarized as
follows.

1. Parameter initialization: Specify the system structure,
mission time t, reliability target R0, NHPBP parameters ω,
γ, β, and θ, component cost parameters αi and βi, feasible
bounds of ηi, and GA parameters.

2. Population generation: Generate an initial population of
chromosomes η within the feasible interval [ηi,min,ηi,max]
for each component.

3. Reliability evaluation: For each chromosome, compute
R(t;η) according to the given system structure. The
required values of LH(q; t) are evaluated by

LH (q; t) = 1T exp [B(q)Λ(t)]e0, (43)

where the truncation dimension of B(q) is selected by
checking that the retained probability mass of the shock-
counting process under q= 0 is close to one.

4. Objective and constraint evaluation: Compute the total
cost C(η) and the reliability constraint value g(η) = R0 −
R(t;η).

5. Selection, crossover, and mutation: Select parent chro-
mosomes according to their objective and constraint per-
formance, and generate offspring through crossover and
mutation. If necessary, offspring are adjusted to ensure that
all decision variables remain within their feasible bounds.

6. Termination: Repeat the above operations until the maxi-
mum number of generations is reached or the convergence
tolerance is satisfied. The best feasible chromosome with
the minimum total cost is taken as the allocation solution.

The obtained solution is denoted by

η∗ = (η∗1 ,η
∗
2 , · · · ,η∗K)

T
.

The corresponding cost and system reliability are

C∗ = C(η∗) , R∗ = R(t;η∗) .

A feasible allocation scheme should satisfy R∗ ⩾ R0. If the
final solution does not satisfy this condition, the allocation
problem is regarded as infeasible under the prescribed bounds
and target reliability. The proposed procedure is structure-
adaptive because only R(t;η) needs to be specified according
to the system configuration. Therefore, the same optimization
framework can be applied to series, parallel, series-parallel,
and parallel-series systems under the NHPBP-driven dynamic
environment.

8
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Figure 1. Flowchart of reliability allocation optimization based on genetic algorithm.

6. Numerical experiments

In this section, numerical experiments are conducted to illus-
trate the proposed NHPBP-driven reliability analysis and reli-
ability allocation framework. Taking an automotive braking
system as an illustrative case, we first compare reliability eval-
uation results under different dynamic-environment models,
then investigate reliability allocation under model misspecifi-
cation, and finally analyze the sensitivity of the two NHPBP
parameters ω and γ.

6.1. Model application

In an automotive braking system, the braking function is
regarded as failed if either the front or rear brake pad can-
not provide the required braking performance. Therefore, the
braking system is simplified as a two-component series sys-
tem from the functional reliability perspective. During brak-
ing, the front and rear brake pads are exposed to common driv-
ing conditions, road surfaces, braking frequency, load levels,
and thermal-mechanical environments. These shared dynamic
factors may induce dependent wear processes and correlated

lifetimes. Hong et al [10] collected brake pad lifespan data
from 50 taxis put into service in 2013, which indicated pos-
itive lifetime dependence between front and rear brake pads.
Therefore, the common dynamic environment and the induced
component dependence should be considered in reliability
analysis and reliability allocation.

Let component 1 and component 2 denote the front and
rear brake pads, respectively. The mission time is set as t= 2
years, and the system reliability requirement is R0 = 0.90. The
feasible design interval of each baseline failure rate is set as
ηi ∈ [0.01,0.5].

The baseline shock intensity is specified as

λ(t) = 0.5t0.8,

with cumulative baseline intensity

Λ(t) =
ˆ t

0
0.5x0.8dx=

0.5
1.8

t1.8.

This corresponds to the Weibull-type baseline intensity in
section 2 with shape parameter β = 1.8 and scale parameter
satisfying β/θβ = 0.5.

9
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Table 2. Main GA parameter settings.

Parameter Value Meaning

Mission time t 2 years End time of the specified mission interval.
Target reliability R0 0.90 Minimum required system reliability at mission time t.
Feasible interval of ηi [0.01,0.50] Lower and upper bounds of the component baseline failure rate.
Population size 100 Number of candidate solutions in each generation.
Maximum generations 200 Maximum number of evolutionary iterations.
Crossover fraction 0.80 Proportion of offspring generated by crossover.
Function tolerance 10−10 Stopping tolerance for objective-function convergence.
Constraint tolerance 10−8 Feasibility tolerance for nonlinear constraints.
Random seed 2026 Seed used to ensure reproducibility of GA results.
Truncation dimension 90 Finite dimension used to approximate the matrix exponential.
Mutation operator Adaptive feasible mutation Mutation scheme used to generate feasible offspring.

According to the NHPBPmodel developed in section 2, the
state-dependent shock intensity is

λk (t) = (1+ωk)λ(t) .

The aging-rate amplification factor is

bk = 1+ γk.

Unless otherwise specified, the reference dynamic environ-
ment is set as

ω = 0.3, γ = 0.8.

Here, ω reflects the influence of historical shocks on the
occurrence rate of future shocks, while γ reflects the influ-
ence of historical shocks on the aging rate of components.
When ω = 0 and γ = 0, the model reduces to the NHPP base-
line without cumulative shock amplification. Positive values of
these two parameters indicate that accumulated shocks may
increase future shock occurrence and accelerate component
aging. In the numerical example, ω = 0.3 and γ = 0.8 are used
as a reference setting to illustrate the proposed method, rather
than as estimates from a specific braking-system dataset.

The sensitivity analysis further considers ω ∈
{0,0.1,0.3,0.5} and γ ∈ {0,0.3,0.6,0.9}, covering envi-
ronments from the NHPP baseline to stronger cumulative
amplification. In practical engineering applications, ω and
γ are nonnegative parameters, and their magnitudes can be
estimated or calibrated from field data such as shock-count
records, degradation histories, lifetime data, or maintenance
records. Maximum likelihood estimation, least-squares fitting,
or Bayesian updating can be used when sufficient field data
are available.

According to equation (33), the reliability of the two-
component series system is

Rs (t;η1,η2) = LH (η1 + η2; t) ,

where

LH (q; t) = 1T exp [B(q)Λ(t)]e0.

In numerical computation, the truncation dimension of
B(q) is selected by checking that the retained probability mass
of the shock-counting process under q= 0 is close to one.

The component cost function is set as

ci (ηi) = αi exp(−βiηi) ,

where

α1 = α2 = 1000, β1 = β2 = 20.

The main parameters used in the GA are listed in table 2.
In the implementation, the decision variables are ηi, the relia-
bility constraint is Rsys(t)⩾ R0, and LH(q; t) is evaluated using
MATLAB expm. Following the truncation criterion described
in section 3, the truncation dimension is set to 90 in the numer-
ical experiments.

6.2. Reliability evaluation under different dynamic
environment models

To show the roles of ω and γ, four benchmark models are com-
pared:

Model A: ω = 0, γ = 0,NHPP baseline model,
Model B: ω = 0.3, γ = 0,shock-rate amplification only,
Model C: ω = 0, γ = 0.8,aging-rate amplification only,
Model D: ω = 0.3, γ = 0.8, full NHPBP-driven model.

.

For illustration, the baseline failure rates are fixed as

η1 = η2 = 0.04.

The reliability curves of the two-component series system
under the fixed baseline failure rates are shown in figure 2.

As shown in figure 2, the NHPP baseline model gives the
highest reliability curve because it ignores cumulative shock
amplification. At t= 2 years and η1 = η2 = 0.04, the reliabil-
ity under Model A is 0.9255. Model B gives the same value
because γ = 0 implies bk = 1 for all k, and thus H(t) = Λ(t).
Therefore, although ω > 0 changes the shock-counting pro-
cess, it does not affect component aging when γ = 0.

By contrast, Model C reduces the system reliability
to 0.8988, showing that aging-rate amplification directly

10
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Figure 2. Reliability curves under different dynamic-environment
models.

Table 3. Reliability allocation results under NHPBP and NHPP
models.

Case 1
Proposed
NHPBP

Case 2
NHPP-
based

ηi Component 1 0.0385 0.0545
Component 2 0.0384 0.0545

Cost Component 1 463.09 336.40
Component 2 464.20 336.54

Total cost 927.30 672.94
Reliability used in optimization 0.9000 0.9000

Reliability under reference NHPBP 0.9000 0.8617

increases the accumulated operational time. Model D further
reduces the reliability to 0.8962 because both future shock
occurrence and component aging are amplified by historical
shocks. These comparisons show that the proposed NHPBP-
driven stochastic time scale can describe accelerated degrada-
tion caused by cumulative environmental shocks.

6.3. Comparison of different models

To illustrate the influence of model selection on reliability
allocation, two cases are compared. In Case 1, the allocation
model uses the proposed NHPBP-driven reliability function
with ω = 0.3 and γ = 0.8. In Case 2, the allocation model is
based on the conventional NHPP assumption with ω = 0 and
γ = 0. After allocation, both schemes are re-evaluated under
the reference NHPBP environment with ω = 0.3 and γ = 0.8.
The results are reported in table 3.

As shown in table 3, the NHPP-based allocation satis-
fies the reliability target under the simplified NHPP model.
However, when the same allocation is re-evaluated under
the reference NHPBP environment, the system reliability
decreases to 0.8617, which is lower than the target value R0 =

0.90. This indicates that ignoring cumulative shock amplifica-
tion may overestimate system reliability and produce an infea-
sible allocation scheme.

By contrast, the proposed NHPBP-based allocation incor-
porates both the shock occurrence amplification parameter
ω and the aging-rate amplification parameter γ. Although it
requires a higher total cost, it satisfies the reliability require-
ment under the reference dynamic environment. Thus, the
advantage of the proposed model lies not in obtaining a lower
nominal cost, but in providing a feasible allocation scheme
under cumulative shock amplification.

6.4. Sensitivity analysis

The proposed model contains two key environmental parame-
ters. The parameter ω controls the state-dependent amplifica-
tion of future shock occurrence, while γ controls the acceler-
ation of component aging after shocks have accumulated. To
investigate their effects, ω and γ are varied as

ω ∈ {0,0.1,0.3,0.5} , γ ∈ {0,0.3,0.6,0.9} .

For each parameter combination, the reliability allocation
problem is solved under the corresponding NHPBP-driven
model, and the resulting total cost is recorded. In addition,
the allocation obtained under the NHPP assumption is re-
evaluated under each NHPBP environment. The results are
shown in figure 3.

Figure 3(a) shows that the total cost generally increases asω
and γ increase. When γ = 0, the stochastic time scale reduces
to H(t) = Λ(t), and the allocation result is not affected by ω.
When γ > 0, a larger ω increases the probability of entering
higher shock states, which further strengthens aging accelera-
tion and increases the required reliability investment.

Figure 3(b) shows the consequence of model misspeci-
fication. The allocation obtained under the NHPP assump-
tion satisfies the target reliability only when the NHPBP
environment is close to the NHPP baseline. As ω and γ
increase, the re-evaluated reliability decreases significantly
and may fall below the target value. This confirms that the
NHPP-based model may underestimate the required com-
ponent reliability in dynamic environments with cumulative
shock amplification.

Figure 3(c) shows that a larger γ leads to faster reliabil-
ity degradation because the same shock history produces a
larger accumulated operational time. Figure 3(d) shows that
increasingω also reduces reliability when γ > 0, since the sys-
tem is more likely to enter higher shock states and accumu-
late stronger aging exposure. These results demonstrate that
the proposed NHPBP-driven stochastic time scale provides a
flexible and physically interpretable framework for reliabil-
ity analysis and allocation under dynamic operating environ-
ments. They also show that the allocation model should be
consistent with the dynamic-environment assumptions used
for reliability evaluation.
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Figure 3. Sensitivity analysis of NHPBP parameters ω and γ. (a) Total cost of the NHPBP-based allocation. (b) Reliability of the
NHPP-based allocation re-evaluated under NHPBP environments. (c) Reliability curves under different values of γ with ω = 0.3. (d)
Reliability curves under different values of ω with γ = 0.8.

The numerical results above provide several practical
implications for reliability allocation under dynamic environ-
ments. The NHPP-based allocation achieves the target relia-
bility under the simplified model, but its reliability decreases
below the target level when it is re-evaluated under the ref-
erence NHPBP environment. This result indicates that ignor-
ing cumulative shock amplification may lead to an insufficient
reliability investment. For reliability engineers, the allocation
model should be selected according to the actual operating
environment, rather than only according to the nominal allo-
cation cost.

Although the numerical example is a two-component series
system, the proposed framework is not limited to this structure.
The reliability expressions derived in section 4 cover series,
parallel, series-parallel, and parallel-series systems. The GA-
based allocation procedure uses η = (η1,η2, · · · ,ηK)T as the
chromosome, so the same procedure can be extended to sys-
tems with more components by changing the system reliability
function R(t;η). For larger systems, the main additional com-
putational cost comes from the evaluation of LH(q; t) and the
structure-dependent reliability summations.

7. Conclusion

This paper studied the reliability analysis and reliability allo-
cation of multicomponent systems operating under dynamic

environments. An NHPBP-driven stochastic time-scale model
was developed to describe cumulative environmental shocks.
In the proposed model, ak = 1+ωk characterizes the effect
of accumulated shocks on future shock occurrence, while
bk = 1+ γk characterizes the effect of accumulated shocks
on component aging. Based on this stochastic time scale,
the component survival function was expressed through the
Laplace transform LH(q; t), and a matrix exponential repre-
sentation was derived for reliability evaluation. The joint sur-
vival function and positive quadrant dependence of compo-
nent lifetimes were also established. Furthermore, reliability
expressions were derived for series, parallel, series-parallel,
and parallel-series systems under the common stochastic time
scale.

A cost-oriented reliability allocation model was then for-
mulated under a system-level reliability constraint and solved
by a GA-based procedure. Numerical experiments on an auto-
motive braking system showed that the conventional NHPP-
based model may overestimate system reliability when cumu-
lative shock amplification exists, leading to an infeasible
allocation scheme under the reference dynamic environment.
In contrast, the proposed NHPBP-based allocation model
explicitly incorporates shock-rate amplification and aging-rate
amplification, and can provide feasible allocation results under
dynamic environments. Sensitivity analysis further showed
that ω and γ affect system reliability and allocation cost
through different but coupled mechanisms.
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The proposed framework provides a tractable reliability
analysis and allocation method for multicomponent systems
subject to cumulative environmental shocks. Future research
will focus on estimating model parameters from field data,
incorporating imperfect maintenance and load-sharing effects,
and extending the framework to systems with multiple failure
modes and more complex dependence mechanisms.
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Appendix A. State probabilities and
non-explosiveness of the NHPBP

Let

pk (t) = P{N(t) = k} , k= 0,1,2, · · · .

For the NHPBP with λk(t) = akλ(t), the state probabilities
satisfy

dp0 (t)
dt

=−a0λ(t)p0 (t) ,

dpk (t)
dt

= ak−1λ(t)pk−1 (t)− akλ(t)pk (t) ,

with initial conditions

p0 (0) = 1, pk (0) = 0, k⩾ 1.

To simplify the derivation, introduce the operational time

u= Λ(t) =
ˆ t

0
λ(x) dx,

and denote qk(u) = pk(t). Then

dq0 (u)
du

=−a0q0 (u) ,

dqk (u)
du

= ak−1qk−1 (u)− akqk (u) .

Thus,

q0 (u) = exp(−a0u) .

For k⩾ 1, multiplying both sides by exp(aku) gives the
recursive integral solution

qk (u) =
ˆ u

0
ak−1qk−1 (v)exp [−ak (u− v)] dv.

Equivalently,

pk (t) =
ˆ Λ(t)

0
ak−1qk−1 (v)exp [−ak (Λ(t)− v)] dv.

Under the linear amplification form

ak = 1+ωk, ω ⩾ 0,

we have a0 = 1, and therefore

p0 (t) = exp [−Λ(t)] .

When ω > 0, the state probabilities {pk(t),k= 0,1,2, · · ·}
can be written as

pk (t) = exp [−Λ(t)]
(1/ω)k
k!

[1− exp [−ωΛ(t)]]k ,

where

(1/ω)k =
1
ω

(
1
ω
+ 1

)
· · ·
(
1
ω
+ k− 1

)
is the rising factorial, with (1/ω)0 = 1. This expression pro-
vides a valid probability mass function for the shock-counting
process. In the special case ω = 0, the NHPBP reduces to an
NHPP, and the state probabilities become

pk (t) = exp [−Λ(t)]
[Λ(t)]k

k!
.

Finally, the linear amplification form is non-explosive. For
ω = 0, this is immediate since ak = 1. For ω > 0,

∞∑
k=0

1
ak

=
∞∑
k=0

1
1+ωk

=∞,

which satisfies the standard non-explosiveness condition for
pure birth processes. Hence, for any finite t with Λ(t)<∞,
the NHPBP does not produce infinitely many shocks in finite
time.

Appendix B. Derivation of the Laplace transform of
the stochastic time scale

The weighted state probability {mk(t;q),k= 0,1,2, · · ·} is
defined as

mk (t;q) = E
[
exp [−qH(t)]1{N(t)=k}

]
.

Then the Laplace transform of H(t) can be written as

LH (q; t) = E{exp [−qH(t)]}=
∞∑
k=0

mk (t;q) .

When N(t) = k, the NHPBP leaves state k at rate akλ(t).
Meanwhile, since

H(t) =
ˆ t

0
bN(s) dΛ(s) ,
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the stochastic time scale increases locally at rate bkλ(t).
Therefore, over a small interval (t, t+∆t], the weighted state
probability loses mass due to both the transition from state k to
state k+ 1 and the exponential factor exp[−qH(t)]. This gives

dm0 (t;q)
dt

=−(a0 + qb0)λ(t)m0 (t;q) ,

and, for k⩾ 1,

dm(t;q)
dt

= ak−1λ(t)mk−1 (t;q)− (ak+ qbk)λ(t)mk (t;q) .

The initial conditions are

m0 (0;q) = 1, mk (0;q) = 0.

Introducing the operational time

u= Λ(t) =
ˆ t

0
λ(x) dx,

since du/dt= λ(t), the above equations become

dm0 (u;q)
du

=−(a0 + qb0)m0 (u;q) ,

dmk (u;q)
du

= ak−1mk−1 (u;q)− (ak+ qbk)mk (u;q) .

Let m(u;q) = (m0(u;q),m1(u;q),m2(u;q), · · ·)T, and e0 =
(1,0,0, · · ·)T. Then the system can be written as

dm(u;q)
du

= B(q)m(u;q) ,

m(0;q) = e0,

where B(q) is a lower bidiagonal matrix with nonzero entries

B(q)k,k =−(ak+ qbk) , k= 0,1,2, · · · ,

B(q)k,k−1 = ak−1, k⩾ 1.

Thus,

m(u;q) = exp [B(q)u]e0.

Substituting u= Λ(t) and summing over all states, we
obtain

LH (q; t) = 1T exp [B(q)Λ(t)]e0,

where

1= (1,1,1, · · ·)T .

This completes the derivation.

Appendix C. Joint survival function and PQD proof

Consider two components s and m with lifetimes Ts and Tm.
For 0⩽ ts ⩽ tm, conditional on the environmental path, we
have

P{Ts > ts,Tm > tm | H}= exp [−ηsH(ts)]exp [−ηmH(tm)] .

Since

H(tm) = H(ts)+ [H(tm)−H(ts)] ,

it follows that

P{Ts > ts,Tm > tm | H}
= exp [−(ηs+ ηm)H(ts)]exp [−ηm (H(tm)−H(ts))] .

The first factor corresponds to the cumulative exposure in
[0, ts], where both components must survive, while the second
factor corresponds to the cumulative exposure in (ts, tm], where
only component m must survive.

Using the Markov property of the NHPBP and the matrix
representation of the stochastic time scale, for 0⩽ ts ⩽ tm, we
obtain

Ss,m (ts, tm) = P{Ts > ts,Tm > tm}
= 1T exp{B(ηm) [Λ(tm)−Λ(ts)]}
× exp{B(ηs+ ηm)Λ(ts)}e0.

Similarly, for 0⩽ tm < ts,

P{Ts > ts,Tm > tm | H}= exp [−(ηs+ ηm)H(tm)]

× exp [−ηs (H(ts)−H(tm))] ,

and therefore

Ss,m (ts, tm) = 1T exp{B(ηs) [Λ(ts)−Λ(tm)]}
× exp{B(ηs+ ηm)Λ(tm)}e0.

When ts = tm = t, both expressions reduce to

Ss,m (t, t) = LH (ηs+ ηm; t) .

Next, we prove the positive quadrant dependence of Ts and
Tm. Let

X= exp [−ηsH(ts)] ,

Y= exp [−ηmH(tm)] .

Then

P{Ts > ts,Tm > tm}= E(XY) ,

P{Ts > ts}= E(X) ,

P{Tm > tm}= E(Y) .

14
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In the operational time u= Λ(t), the NHPBP can be repre-
sented by independent interarrival times Zk ∼ Exp(ak), where
ak = 1+ωk. The exposure process can be written as

H̃(u) =
ˆ u

0
bN(v) dv,

with bk = 1+ γk. Since bk is nondecreasing in k, increasing
any interarrival time Zk delays subsequent shocks and can-
not increase H̃(u). Therefore, H(ts) and H(tm) are nonincreas-
ing functions of the independent interarrival-time sequence
{Zk}k⩾0. Consequently, X and Y are coordinatewise nonde-
creasing functions of {Zk}k⩾0.

By the association property of independent random vari-
ables, two coordinatewise monotone functions of independent
random variables have nonnegative covariance. Hence,

Cov(X,Y)⩾ 0,

which gives

E(XY)⩾ E(X)E(Y) .

Thus,

P{Ts > ts,Tm > tm}⩾ P{Ts > ts}P{Tm > tm} ,

for any ts, tm ⩾ 0. Therefore, Ts and Tm are positively quadrant
dependent.
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